00 

o 

O 

(N 



X 

5-H 



Distributions of length multiplicities for negatively 
curved locally symmetric Riemannian manifolds 



Yasufumi Hashimoto 



p ^' Abstract 

^\ , The aim of the present paper is to study the distributions of the length multi- 

\ plicities for negatively curved locally symmetric Riemannian manifolds. In Theorem 

12.14 we § ive upper bounds of the length multiplicities and the square sums of them 
for general (not necessarily compact) cases. Furthermore in Theorem 12. 'i\ we ob- 
tain more precise estimates of the length multiplicities and the power sums of them 
CN ' for arithmetic surfaces whose fundamental groups are congruence subgroups of the 

^ ■ modular group. 

CO 
CN 

o 

■ 

O ■ 1 Introduction 

The length spectrum, the set of the lengths of primitive closed geodesies with their multi- 
plicities, is one on important factors to characterize manifolds. In fact, Huber [HuJ proved 
that the condition that two compact Riemann surfaces of genus g > 2 have same length 
spectra is equivalent that the Laplacian of these surfaces have same eigenvalues. Such a 
relation between the length spectrum and the eigenvalues of the Laplacian is explicitly 
drawn in the Selberg trace formula (see, e.g. [Se] and [He] ) . P. Schmutz [Sc] furthermore 
found a characterization of the arithmeticity of non-compact volume finite Riemann sur- 
faces by the length spectrum without multiplicities. For the multiplicity in the length 
spectrum, i.e. the length multiplicity, it was proved in |Ra] that the length multiplicities 
for Riemann surfaces are unbounded (see also [Bu] ) . However the detail distributions of 
the length multiplicities have never been known. 

The aim of the present paper is to study the distributions of the length multiplicities for 
locally symmetric Riemannian manifolds with the constant negative curvature. According 
to the prime geodesic theorem (see, e.g. |Hej and [GWj ). we can get the asymptotic 
formula of the sum of the multiplicities. In Theorem 12.11 of this paper, we give an upper 
bound of the length multiplicities for general volume finite (not necessarily compact) 
negatively curved locally symmetric Riemannian manifolds by using known estimates of 
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the error terms of the prime geodesic theorem. We furthermore obtain a sharper upper 
bound of the square sum of the length multiplicities than that trivially obtained from 
the prime geodesic theorem and the upper bound of the length multiplicities. When 
the fundamental group of the Riemann surface is a congruence subgroup of the modular 
group, we can get more precise estimates of the length multiplicities because the length 
multiplicities can be expressed by the class numbers of the primitive indefinite binary 
quadratic forms (see |Salj . |Hlj and |H2j ). In fact for the surface whose fundamental 
group is the modular group, Bogomolny-Leyvraz-Schmit [B-LS] and Peter [Pe2j obtained 
the leading term of the asymptotic behavior of the square sum of the multiplicities. In 
Theorem 12.31 we give sharper estimates of the length multiplicities than that obtained 
in Theorem 12.11 and get precise asymptotic formulas of the power sums of the length 
multiplicities for arithmetic surfaces whose fundamental groups are congruence subgroups 
of the modular group. 

2 Preliminaries and the main results 

Let G be a connected non-compact semisimple Lie group with finite center, and K a 
maximal compact subgroup of G. We put d = dim (G/K). We denote by g, t the Lie 
algebras of G, K respectively and g = t + p a Cartan decomposition with respect to the 
Cartan involution 9. Let a p be a maximal abelian subspace of p. Throughout this paper 
we assume that rank(G/K) = 1, namely dima p = 1. We extend a p to a ^-stable maximal 
abelian subalgebra a of g, so that a = a p + a^, where a p = a fl p and at = a fl t. We put 
A = exp a, A p = exp a p and A t = exp c^. 

We denote by g c , a c the complexification of g, a respectively. Let $ be the set of 
roots of (g c ,a c ), $ + the set of positive roots in $, P + = {a G $ + |a; ^ on a p }, and 
P_ = $ + — P + . We put p = 1/2 X] a <=p + a - F° r h £ A and linear form A on a, we denote 
by £\ the character of a given by £\(h) = exp \ (\ogh). Let £ be the set of restrictions to 
a p of the elements of P + . Then the set S is either of the form {/3} or 2/5} with some 
element (3 G E. We fix an element H 6 a p such that /3(H ) = 1, and put p = p(H ). We 
note that 



2p = 



' m — 1, 




' m 


(G 


= SO(m. 


1) 


m > 2), 


2m, 


d = < 


2m 


(G 


= SU(m, 


1) 


m > 2), 


4m + 2, 




4m 


(G 


= SP(m, 


1), 


m > 1), 


,22, 




,16 


(G 


= F i ). 







Let T be a discrete subgroup of G such that the volume of X r = Y\G/K is finite. We 
denote by Prim(r) the set of primitive hyperbolic conjugacy classes of T, and Z(T) the 
center of T. For 7 e Prim(r), we denote by h(j) an element of A which is conjugate to 7, 
and Zip (7), ht(y) the elements of A p , At respectively such that ^(7) = hp(y)hi(y). Let ^(7) 
be the norm of 7 given by ^(7) = exp (/3(log (^(7)))), Norm(r) := {^(7) | 7 G Prim(r)} 
and m(N) the number of 7 G Prim(r) such that ^(7) = N. Since there is a one-to-one 
correspondence between 7 G Prim(r) and the primitive closed geodesies of Xp and the 
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length of the prime geodesic corresponding to 7 G Prim(r) coincides log ^(7), the length 
spectrum can be identified to {(N, m(N))} N ^ orm ^ r y We also denote by 



JVeNorm(r) 
N<x 



We define the Selberg zeta function as follows. 

Zr(s):= J] Wil-Uhm^HlYT" Res>2p , 

7ePrim(r) XeL 

where L is the semi-lattice of linear forms on a given by L := {$^=1 ra^ai \ a, L G P + , rax 
Z> } and m A is the number of distinct (mi, • • • , raj) G (Z> ) z such that A = Yl\=i m i a i £ 
L. We note that the logarithmic derivative of the above is written as follows. 

£ logiV(7) J D(7 fc )- 1 iV(7)-^ Re S >2p , (2.1) 

r ^ ' 7ePrim(r),fc>l 

where -D(7) := riaeP + 1^ — £<*(M7)) _1 |- For simplicity, we assume that T has no elements 
of finite order, other than those in Z(T). Let v be the number of equivalence classes of 
T-cuspidal minimal parabolic subgroups of G, and ^f(s) the scattering matrix with the 
determinant ip(s). We denote by /jl(s) the Plancherel measure of G/K. Let Xj = p\ + r 2 - 
be the eigenvalue of the Laplacian on T\G/K such that = A < Ai < A 2 < . . . , and rrij 
the multiplicity of Xj. It is known that 

Vm,-— f ^(p + it)dt = C G vo\(X r )T d + O(T d - 1 ) as T -> 00, (2.2) 

|rj|<T 

where C G > is a constant depending on G (see [Re]). 

Due to the Selberg trace formula, we see that the Selberg zeta function is analytically 
continued to the whole complex plane C as a meromorphic function with the following 
singular points a of order m(a) (see |Gaj for compact cases, [GWj for noncompact cases 
without G = SU(2n, 1) and |Ay| for noncompact cases including G = SU(2n, 1)). 

a m(a) 

2p 1 

Po (i/-tr(*(0)))/2 

l-ivo\(X r )\Z(r)\d 

Po — k v (2.3) 

Po + ia-k ivo\(X r )\Z(T)\d k 

Po ± %Tj rrij 

Po + (Ik h, 
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where Ok is the pole of p(s) in {Ims > 0} with the residue dj. and qk is the pole of 
ip'(s)/ip(s) in {Res > 0} with the residue We denote by 

RZ :={2p ,p ,p -k,p + ia k ,p ±ir j (0 < \j < p 2 )}, 
IZ ■={p ±ir j (X j > p 2 ),po + q k }- 

It is known that RZ C M<2p ) IZ C {0 < Recr < po}. From (12.21) . we see that 

m(a) = C G vol(X r )T d + 0(T d - 1 ). (2.4) 

o-eiz 

|Im(T|<T 

From the contributions of the singular points, we see that the prime geodesic theorem 
is drawn as follows (see (He! and [by] for d = 2, [EGM] and [Na] for d = 3 and [Gl] , [GW] 
and [Dej for general cases). 

vt^x) = lii(x 2p0 ) + ^ h^x" ^) + 0(x 2poV ) as x^oo, (2.5) 

0<A 3 <p2 

where li/c(x) := (logt)~ k dt and 1 — l/2<i < 77 < 1. The main result of the present paper 
is as follows. 

Theorem 2.1. Let T be a discrete subgroup of G such that vol(Xr) < oo. Then, for any 
e > 0, we have 

m(N) <iV 2por? as N -> oo, (2.6) 
<k {2 \x) <x 2p0 ( 2 "^) +e as x^oo, (2.7) 

where t] is given in ( 12.51) . 

Remark 2.2. In the case of G = SO(2, 1) ~ SL 2 (M), the coefficient rj is taken as rj = 3/4 
(see [He] and lluif ). Then, from Theorem \2.1[ we have 

4 fe) (x)«xi fc+ ^ +e , 

for k > 2. Recently, Park [Pa] improved the essential error term in i \2.5h to 

0(x^ d - l \\ogx)~ 1 ' 2 ) 

forG = SO(d, 1). This result gives better estimates ofm(N) and than those given 

in Theorem \2.1\ for G = SO(d, 1) with d > 3. 

When G = SL 2 (IR) and V is a congruence subgroup of SL 2 (Z), the length multiplicity 
can be expressed by the sum of the class numbers of the primitive indefinite quadratic 
forms (see |Salj . |Hlj and |H2j ). Using such expressions of the multiplicities by the class 
numbers for T = SL 2 (Z), Bogomolny-Leyvraz-Schmit |BLSj and Peter [Pe2] proved that 

1T^\x) ~ 4L 2 (Z) U fc( x3/2 ) aS X ~^ 00 
(2) 

with the determination of the constant c^, z ^ > 0. In the present paper, we obtain the 
following results. 
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Theorem 2.3. Let V be a congruence subgroup o/SL^Z). Then, for any e > 0, we have 

N 1/2 - e < m(N) < N 1/2 log A/" as N -> oo. (2.8) 

For any k >2, there exists a constant > suc/i iaai 

7Tp fc ^(x) ~ c|f' ) li fc (x _ 5 _ ) as x — > oo. (2.9) 



3 Proof of Theorem 12.1 



It is trivial that m(N) < tt^\n + 1) — tt^\n — 1). Then by the prime geodesic theorem, 
we easily get m(N) <C jV 2w) ( 1-1 / 2d ) _ i n order to estimate 7Tp (rr), we prepare the following 
notations and lemmas. 

Let f G C°°(lR>o) be a function satisfying < v(x) < 1 for any x > and 



1 (0<x<l), 

(x > min{iV G Norm(r)} =: N). 



For io(s) := J °° — t>'(x)x s <ix, we see that, for any n > 1, 

w ( s ) = o^| s |-" e max(Rcs ' 0) ) as |s|->oo, (3.1) 

where the implied constant depends on n. We first state the following lemma. 
Lemma 3.1. Let X > be a large number. Then we have 

logiV( 7 ) J D(7 fc )- 1 iV(7)-^(^^) = £ m^^lzi^-s). 

7€Prim(r),A:>l * ctGRZUIZ 

Proof. We calculate the following integral. 

: = 7T- / y / ~ x w{z)dz. 

2vr« J Rez=c Z T {z + s) z 



First we have 
J(X,s) 



rim(r),fc>l ->Kez-c V// 

= £ io g JV( 7 )i?(7 fc )- 1 iV(7)- fcs {v(^^) -^(iV(7) fc )}- 



7GPrim(r),fc>l 



7GPrim(r),fe>l 
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By the definition of v, we have 

J(X, s)= lo § iV( 7 ) J D( 7 fc )- 1 iV(7)-^ (^!) • (3.2) 

7SPrim(r),fc>l 

On the other hand, by the residue theorem, we have 

J(X,s)= Y m ( a )— —w(a-s). (3.3) 

o-eRZuiz a s 

Therefore, the lemma follows immediately. □ 

For simplicity, we express the formula in Lemma [3.11 as G(s,X) = I(s,X). Now we 
take the integral J_^^ T \ * \ 2 ds of the both hand sides. We get the following lemmas. 

Lemma 3.2. Let T > be a large number and 

"iV\2 



VGNorm(r) 

Then we have 

<-2T 



h u {X):= rn(N) 2 (\ogN) 2 N u v(-) . 



J \G{-l + it,X)\ 2 dt = T(t) 2 {X)+0{T(t) l {X)) +O(TX 3p0+3 / 2 ) + 0{X 4po+2 ). 
Proof. Directly calculating the integral, we have 

J \G(-l+it,X)\ 2 dt= ]T logiV(7i)logiV(72) J D(7i fcl )~ 1 J D(72 2 )- 1 



7i,72£Prim(r) 
k\ ,k2>l 



By the definition of D, we see that _D( 7 ) _1 = 1 + O^N^)^ 1 ). Then we have 



2T 

\G(-1 + it,X)\ 2 dt 

T 

Y logiV( 7 i)logiV(7 2 )(iV( 7l ) fcl iV(7 2 ) fc2 +0(JV( 7l ) fcl ) + 0(iV( 72 ) fc2 

7i,72ePrim(r) 
fcl,fc2>l 

X f I 



V X J \ X J J T VjV( 7l ) fc i7 



We divide the sum above as follows. 



E E + E + E =--s 1 + s 2 + s 3 . 

7l,72£Prim(r) 7i,7 2 GPrim(r) 7i,72£Prim(T) 7i,72£Prim(T) 

fci,fc 2 >l AT(7i)=7V(7 2 ) either k + 1 or k 2 + 1 fe>l„fc 2 >l 

V( 7l ) fc i=V(7 2 ) fc 2 iV( 7l ) fc i^iV( 72 ) fc 2 
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The first sum is written by 

"iV( 7 )N2 

7l,72GPrmi(r) 



5j =T Yl (logiV( 7 )) 2 (iV( 7 ) 2 + 0(iV( 7 )))t;(: 



X 



-T Yl (logiV) 2 (iV 2 + 0(iV)),(|) 2 £ 1 

iVeNorm(r) 7i,7 2 GPrim(r),Af(7i)=Af(7 2 )=A r 

-T (log A0 2 (iV 2 + 0(N))v(^) 2 m(N) 2 = T0 2 (X) +0(T</> 1 {X)). (3.4) 



AfeNorm(r) 

Next, the second sum is estimated as follows. 



S 2 <T Y logiV( 7l )logiV( 72 )iV( 7l ) fcl iV( 72 ) 



k 2 



7i>72GPrim(r) 
cither k 7^ 1 or k 2 ^ 1 
7V(7 1 ) fc i=7V(7 2 ) fe 2</0: 



<r( E log^(7i)0(iV( 7 i) fcl ) ) ( E 

fei>l fc 2 >l 



logiV( 72 )0(iV( 72 fc2 ) 



Then by the prime geodesic theorem (12. 5p . we have 

S 2 = TO{X pQ+1/2 ) x 0(X 2po+1 ) = O(TX 3p0+3/2 ). (3.5) 
Finally, we estimate S3. 

\S 3 \ < Y logiV( 7l )logiV( 72 )0(iV( 7l ) fcl iV( 72 ) fc2 ) 

iV(7i) fe i<Af(72) fc 2<JVX 

I sin2Tlog (iV( 72 ) fc2 /iV( 7 i) fcl ) - sinTlog (JV(7 2 ) fca /iV(7i) fcl ) | 
X log (iV( 72 )^/iV(7i) fcl ) 

T logiV(7 1 )logiV(7 2 ) Q(iV(7l)2fcliV(72)fc2) 

^ lOgiV^JlOgiV^J -M 7l ) fc i 

A r (7i) fcl <A f (72) fc 2<JVX 

Divide the sum above by 

E E + E =--Su + s 32 . 

iV(7i) fc i<Af(72) fc 2<JVX Af(7i) fc i<JVX Af( 7 i) fc i<JVX 

A r (7i) fc i <N(-y 2 ) k2 <min (2iV( 7l ) fc l ,iVx) 27V( 71 ) fc i <V(72) fc 2 <7VX 

We estimate the later sum as follows. 

q r , v- , ^ , 0(^(70^^(72)^) 

S 32 = E JoK^Ti) E lQgiV(72) M 72 )fa _ M 7l )*i 

N(yi) k l<NX 2Af(7i) fc i<V(7 2 )' c 2<AfX 

< E bsNMOiNi-n)"*) Y logiV(7 2 )0(iV(7 2 )^) 

Af(7i) fc i<7VX 2V(7i) fc i<V(7 2 ) fc 2<7VX 

=O(X 4p0+2 ). (3.6) 
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On the other hand, the former sum is bounded by 

S 32 < ^ logiV( 7l ) ^ logjV( 72 ) M 72 )fe 2 - NM* 

N^!) k i<NX iV(7i) fc i<Af(72) fc 2<2Ar(7i) fc i 

< J] \ogN( ll )O(N( ll ) kl{2p0+2 ^ = O(X ip0+2 ). (3.7) 

N(-y!) k i<NX 

This completes the proof of Lemma 13. 21 □ 

Lemma 3.3. Let U > be a number which is sufficiently smaller that T. Then, for any 
n > 1, we have 

/2T 
+ it,X)\ 2 dt =O(T- 2n+1 X 4p0+2 ) + o(T- n+d+1 X 3po+2 ) 

+ o(T 2d U- n X 2p0+2 ) + OiT^UX 2 ^ 2 ), 
where the implied constants depend on n. 
Proof. From (13.11) . we have 
I{-l + it,X) 

= J2 ^(^)0(x a+1 |l + a + z(/3-t)|- n ) + ^ m(a)o(x max(CT+1 ' 0) |l + (T + ^)r" 
o-eiz o-gRZ 



m{o-)o(x po+1 \l + i{{3-t)\- n ^ + O(X 2p0+1 \t\- n ) 



crGlZ 
a=a-\-i(} 



=:h(t,X)+I 2 (t,X). 
It is easy to see that 



Next, we have 

-2T 



p2T 

J \I 2 (t,X)\ 2 dt = O(X 4p0+2 T~ 2n+l ) 



(3. 



J (itf, X)I 2 (t, X) + h(t, X)I 2 (t, xfyt 

r 2T / \ 

J2 m(a)X 3pa+1 0\X\t\- n \l + i(P-t)\- n )dt 

T/2<f3<3T JT 

r 2T / \ 

+ m(a)X 3p0+1 0(x\t\- n \l + i(p-t)\~ n )dt 



other a 



-- m(a)X 3pa+1 {0(XT- n+1 )} + m(a)X 3p0+1 {O(Xp- n T- n+1 )} 

T/2<(3<3T other a 

-_0(T~ n+d+1 X 3po+2 ) . (3.9) 
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Finally, we estimate 

»2T i-2T 



\h(t,X)\ 2 dt= Yl / O^ 0+2 |l + z(/3i-t)|- n |l-i(/3 2 -*)|- n J^. 
We divide the sum as follows. 

E = E + E + E =--li+l 2 +l 3 . 

PiA T/2<p lt p 2 <3T T/2<f3 u f3 2 <3T others 
|/3i-/3 2 |<t/ |/3i-/3 2 |>l/ 

It is easy to see that L 3 = 0(X 2po+2 ). The second sum L 2 is bounded by 

/2T 
' Q ^ x 2p 0+ 2 11 + i{p x _ _ {{fa - t )\- n ^dt 

\Pi-Pa\>U 

o f X 2 P0+ 2 ^2 Yl i2+*(A-/3 2 )r n 



T/2</3i<3T T/2</3 2 <3T 
|ft-/3 2 |>(7 

2T 

l\ n . 



x / (ji+i^-^i-i + ii-i^-t)!- 1 )^ 



--0 



f X 2 P0 +2 Yl U ) =0(T 2d U- n X 2m+2 ). (3.10) 



(3.11) 



T/2</3i<3TT/2</3 2 <3T 

We also have 

L x =0 (x 2 ?° +2 J2 E 1 ) =0 {T 2d - l UX 2 ^ +2 ) . 

^ T/2<f3 1 <3T (3 1 -U<f3 2 <l3 1 +U ' 

Thus we obtain the result of Lemma [3.31 □ 
Proof of Theorem \2.1\ From Lemma 13.21 and 13.31 we have 

2 (X) +0(<f) 1 (X)) =0{T- l X ipo+2 ) + O(X 3p0+3/2 ) + o(T- n+d X 3p0+2 ) 

_|_ Q(rp2d~l T j-n x 2p +2^ _|_ Q(rp2d-2rj X 2 P o+2\ 
1 2p 

Taking [/ = T»+i and T = X 2 <*-i , we obtain 

2 (x) = o(x 2 "°( 2 -^) + ^ +2 ). 

By the definition of <f) u (X), we see that 

4 2) (X) « £ m(iV) 2 (logiV) 2 W (^) 2 « X- 2 UX)- 

AfgNorm(r) 

Since n > 1 can be taken arbitrary, we get the desired result. □ 
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4 Proof of Theorem 12.3 



We first prepare the following lemma. 

Lemma 4.1. ( JHlf and jH0f ) Let V be a congruence subgroup o/SL^Z) and 



rh(N) :-- 



l °SN(j). 



7GPrim(r),Z>l 
N(j) l =N 



Then we have 



m{N) 



2 ^n,u log e(t N )M T (t N , u)h(d tN;U ), 

u\U{t N ) 



where 



t N :=N 1 / 2 + N- 1 ' 2 G Z> 3 , 
1 
2 

t 2 -A 



e(t N ) :=N" 2 



t N +\/t 2 N -4: 



U (t) := max | u > 1 
t 2 -A 

dt, u 



= 0, 1 mod 4 



h(d) is the class number of the primitive indefinite binary quadratic forms of discriminant 
d > and j tyU > 1 is an integer such that e(t) is the jt, u -th power of the fundamental unit 
of d t , u . The number M r (t,u) is taken in < M r (t,u) < [SL 2 (Z) : T] for any (t,u) and 
M r (t,u) = [SL 2 (Z) : T] when T D T(K), the principal congruence subgroup, and (t,u) 
satisfies t = ±2 mod K 2 and K \ u. 

Remark 4.2. According to IS a If , we see that if T = SL 2 (Z) then M r (t,u) = 1 for any 
(t,u). Also when T is one of 



ri(J0 

T(K) 



--{(la) e SL 2 (Z) | 721 = mod AT}, 
: {(7ij) e ^o(K) I 7n = 722 = ±1 mod K}, 
G T\(K) | 712 = mod 



the values of Mr(t,u) are explicitly determined in IHlf . 

According to Lemma 14.11 and the class number formula \oge(d)h(d) = \fdL(l.Xd) 
where e(d) is the fundamental unit of discriminant d > and 



L(l,Xd) 



^ (n 

n=l 



n 



we get the following lemma. 
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Lemma 4.3. Let T be a congruence subgroup o/SL^Z) and 

*?>(T) := £ 

7VeNorm(SL 2 (Z)) 
N<T 2 

Then we have 

3<t<T \u\U(t) 

We also prepare the following lemmas. 
Lemma 4.4. (IP elf ) For any k > 1, there exists a constant > such that 

Y Y [ u ~ lL ( 1 >Xdt,J) k ~ °k T as T^oo. 

3<t<Tu\U{t) 

Lemma 4.5. Let K = Yl^iP? be the factorization of K > 1 and 

Tk )V {T) :={3 < t < T | t = Vi mod pf for any i}, 

teT KtV (T) 

where v — (z/x, • • • , v{) G {±2}'. Then there exist a constant ok,v > such that ax,u = 
0(K- 2+e ) as K ^ oo and 

Pk v( x ) ~ a K,uX as x — > oo. 

Proof. It is easy to see that t 2 — 4 is divided by if 2 for any t G Tr-^ and fxif) '■= K~ 2 {t 2 —4) 
is square free for many t G Tk,v By the definition of the L-function, we see that 

Then when we put 
we have 



m(N) 



jyi/2 _ n-x/2 




K~ e < <p K>1/ (T)/0 K> „(T) < 7T as AT, T -> oo 



(4.1) 
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for any e > 0. Taking an integer < /i < K 2 satisfying fi = z/j mod for any i, we can 
write (fK,u(T) by 



k 



if 2 



For simplicity, we denote by f(t) : = fxiKH + p). Now we start the estimation of 0k,u(T). 
For a constant < a < 1 and the integral 



1 



a+ioo 



I(m) := — / r(s - l)L(s, Xm Yx s - L ds, 

Z7TZ 



it is easy to see that 



J( m ) = (-)a k {n)n- l e- n l x - L(l 



n=l 



V n ) 

where ak{n) := #{(ni, ■ • • , n^) <E N fc | n\ ■ ■ ■ = n}. We denote by 

/(*)== E £(i.xa«)*= E E - E '(/(*))■ 

l<t<X l<t<X 71=1 l<t<X 

Similar to Lemma 2.3-2.5 of [Sa2j, we can obtain 

(oo \ k 

y — ^ I + o(x) as x — > oo, (4.2) 
/ — ' on" 1 / 
n=l ' 

where 

— £ (ft- 

8n<t<16n 



According to (2.4) of |Sa2j . we have 

j- 1 

f( X 3 



e j~ 1 

2 e + 3 -l \ I' /Pj 



C 8 



e x8(/(xo)) e u n e ( : 



x =0 / j=l \ Xj=0 ^ 

2 'e 1 x 8 (/>o))')x n fe-*r« n Wxi(^) 

£o=0 / is even e,- is odd \Xj=0 

where n = 2 e q\ 1 ■ ■ ■ q^ 1 is the factorization of n and 

{1 (m = 1 mod 8), 
-1 (m = 5 mod 8), 
(otherwise). 
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Since 



we have 



f(t) = K- 2 {(K 2 t ± n) 2 - 4} = KH 2 + 2 fit + K~ 2 (fi 2 - 4), 



£ 

x,=0 



Pi 



fPj-1 , 

x,=0 P J 

w_1 -x?-4 



E 



= -i (Pit^O. 



2 e+d_ 1 



(e = 0), 

£ Xs(/>o)) e = <! (e/0,2|#), 
xo=0 I 4(-2) e (e/0,2fiT). 



Then it is easy to see that 



C8n 



57V 



< 2 f x ] I 

e, is even 



i'., ^ x n Pi 

e,- is odd 



-e,— 1 



□ 



This means that X^°=i c sn/8n 2 exists and is bounded for K. Therefore, from (14. ip and 
(14. 2p . we can obtain the result of Lemma 14.51 

Proof of Theorem \2.3[ From Lemma 14.11 we have 



m 



(N)= 2ji N \joge(t N )M r (t N ,u)h(d tN>u ). 

u\U(t N ) 



It is known (see, e.g. |Moj ) that 

d l ' 2 ~ e < \oge{d)h{d) < d l ' 2 \ogd. 
Then we get the following estimate of rh(N). 

i(N) «[SL 2 (Z) : T] J2 d Hutegdt,u 



u\U(t N ) 



<t N logt N u' 1 <^t N (\ogt N ) 2 <^ N 1/2 (logN) 2 . 

u\U(t N ) 

By the definition on m(N), we therefore obtain the following upper bound of m(N). 

m(N) < (log N^miN) < N 1/2 log N. (4.3) 
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On the other hand, we have 

m(N) ^>t 1_e log% M r(tN,u)u- l+€ 

u\U{t N ) 

»t 1 - £ log tjv% 1+e , 

where tii := max{u > 1 | u | U(t N ), M r (t N ,u) ^ 0}. Since u x < AT, we get 

m(N) > ^ e > N 1/2 - £ . 
By the definition of m(N), we have 



7GPrim(r) 
N(-y)=N 

Then we obtain the following lower bound of m(N). 

m(N) > (log AQ" 1 (m(N) - 0(m(N 1/2 ))^j > N 1/2 ~ e . (4.4) 

Remark 4.6. Under the generalized Riemann hypothesis, since 

d 1 ' 2 



log log d 
(see, e.g. fLty). we can obtain 

jVV2 



< \oge(d)h(d) < c/ 1/2 loglogd 



log A" log log iV 



< m(N) < N 1 / 2 log log AT. 



Next, we estimate 7Tp (a;). It is easy to see that the asymptotic formula in Theorem 
12.31 is equivalent to 

$P(T) ~ cf ] T as T^oo (4.5) 

for some > 0. Then we prove (14. 5[) instead of the asymptotic formula in Theorem 12.31 
1. The case of V = SL 2 (Z). By using Lemma E2 and H3J we see that #1? «n( T ) ^ cT 



SL 2 (ZV 

for some c > 0. On the other hand, by lemma |4"73| we have 

k 



< m cn= E *a.w( E «-n(i- (v>T)' 

3<t<T K u\U(t) p\u 1 7 

« (log + 1)^(1, X t2 - 4 )" 



3<t<T 
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It is easy to see that 

{3 < t < T | U(t) = K}C |J T^(T), 

where uj(K) is the number of distinct prime factors of K. Then, from Lemma 14.51 we 
have 

<(,)(^)«E 1 °g(^+ 1 ) fc E E ^(i,^- 4 ) fc «E 2 ^ )0 (^ 2+eT )- 

tf>i I /e{±2}<"( J5 ') teT K)V {T) k>i 

Since w(J£") <C log -ft', we get 

^SL ) 2 (Z)(^)<<E ( / ^ 2+l0S2+eT )= ( T ) aS T ^°°- 
K>1 

Therefore we see that ^sl 2 (z)C0 ~ c sl 2 (z)-^ holds for some Cg^ 2 ( Z ) > 0. 

2. The case of T = congruence subgroup of SL 2 (Z). Since < M r (t,u) < [SL 2 (Z) : 

T], by Lemma [4.31 we have 

4 fc) (T) < [SL 2 (Z) : T] k ¥*l (Z) (T) ~ [SL 2 (Z) : rfcgg^T. 

On the other hand, since Mp(t, u) = [SL 2 (Z) : T] for t = mod-fT 2 and X | u, we have 

4 fe )(T) >[SL 2 (Z) : if ( E u-^U,**,.))* 

t=±2 mod AT 2 ^ u|[/(i) ' 

=[SL 2 (z) : r] fc ( E C*")" 1 ^ 1 . **.*.))* 

t=±2modi<" 2 ^u\U(t)/K ' 

>c fc ^ L(l,x t2 _ 4 ) fc - 

t=±2 mod if 2 

Then, due to Lemma 14. 5[ we obtain \l/p > cT for some c > 0. This completes the proof 
of Theorem 12. 31 □ 

5 Concluding remarks 

When T = SL 2 (Z), since 

{tr 7 | 7 G Prim(SL 2 (Z))} = {n G Z | n > 3}, 
^(7) = (^( tr 7 + VN 2 "4)) 2 ~ (tr 7 ) 2 , 
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we have 7rgL a (z)( a? ) ~ • rl//2 as ^ — * 00 • Similarly in the case that T is a congruence subgroup 
of SL 2 (Z), we see that 7Tp (x) ~ ex 1 ! 2 . Combining these estimates of 7r r ' <(x) to the prime 
geodesic theorem tt^\x) ~ lii(x) and Theorem 12.31 we could think that the growth of 
m(N) for a congruence subgroup is close to clii(A 1//2 ). For general T C SL 2 (R), it is 
known (see |Taj . [LSj and [Sc]) that if T is arithmetic then ir^\x) = 0(x 1 ^ 2 ). P. Schmutz 
[5c] furthermore proved the conversion of this for non-compact cases and conjectured it 
for compact cases. We now state the following problems. 

Problem 1. Let G = SL 2 (R). 

(i) Is it true that T is arithmetic if and only if, for any k > 2, there exists a constant 
Cp > such that ir^\x) ~ cj^li^x^)? 

(ii) Is it true that T is nonarithmetic if and only if tc^\x) = o(li/ c (x^ i )) holds for any 

k>2? 

Similar phenomenons occur in the case of G = SL 2 (C) (d = 3 and po = 1). In fact, 
when T = SL 2 (0^-) where Ok is an integer ring of an imaginary quadratic extension of Q, 
it is easy to see that tt^\x) ~ ex. Also Aurich and Marklof ( [AMj and [Ma] ) numerically 
computed the length spectrum and the multiplicities for nine co-compact tetrahedral T's; 
eight are arithmetic and one is nonarithmetic. Based on their numerical datas, they 
suggested that the growth of m(N) is close to clii(iV) for the arithmetic cases and is close 
to clii(iV ft ) where b '= 0.643 < 1 for the nonarithmetic case. Then, similar to the case of 
G = SL 2 (IR), we state the following problems. 

Problem 2. Let G = SL 2 (C). 

(i) Is it true that T is arithmetic if and only if, for any k > 2, there exists a constant 
4 k) > such that tt^\x) ~ c ( f ) \i k (x k+1 )? 

(ii) Is it true that T is nonarithmetic if and only if 7ip (x) = o(lifc(x fc+1 )) holds for any 

k > 2? 

Acknowledgement. The author would like to thank Professor Jinsung Park, Korea 
Institute for Advanced Study, for telling me his recent result |Paj of the prime geodesic 
theomre. 
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